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Abstract 

We provide estimates for the Holder exponent of solutions to the Bel- 
trami equation df = [idf + vdf, where the Beltrami coefficients fi, v 
satisfy \\\n\ + \v |||oo < 1 and = 0. Our estimates depend on the argu- 
ments of the Beltrami coefficients as well as on their moduli. Furthermore, 
we exhibit a class of mappings of the "angular stretching" type, on which 
our estimates are actually attained, and we discuss the main properties 
of such mappings. 
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1 Introduction and statement of the main 
results 

Let £1 be a bounded open subset of M. 2 and let / £ W^(fl,C) satisfy the 
Beltrami equation 

df = iidf + vdf a.e. in il, (1) 

where d = {d\+id2)/2, d = {d\ — id2)/2 and fj,, v, are bounded, measurable func- 
tions satisfying + H||oo < 1- Equation (1) arises in the study of conformal 
mappings between domains equipped with measurable Riemannian structures, 
see [1]. By classical work of Morrey [9], it is well-known that solutions to (1) are 
Holder continuous. More precisely, there exists a G (0, 1) such that for every 
compact TieSI there exists Ct > such that 

1/(^-/(^)1 ^ v , aT , , 
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Let 



K u . u = 



denote the distortion function. Then, the following estimate holds: 

«>PWII»- (2) 

This estimate is sharp, in the sense that it reduces to an equality on the radial 
stretching 

m = \z\ a -'z, (3) 

which satisfies (1) with = —(1 — ct)/{l + ctjzz' 1 and v = 0. There exists 
a wide literature concerning the regularity theory for (1), particularly in the 
degenerate case where + Hlloo = 1, or cquivalently, when the distortion 
function K^ v is unbounded. See, e.g., [2, 6, 7, 8], and the references therein. 
See also [5], where an estimate of the constant Ct is given. Most of the results 
mentioned above provide estimates in terms of the distortion function K^^, 
and there is no loss of generality in assuming that v = 0. Indeed, the following 
"device of Morrey" may be used, as described in [3] : at points where df = we 
set fx = n+vdf /df; at points where df = we set ju = 0. Then / is a solution to 
df = Jldf and < \fi\ + \u\. On the other hand, in this note we are interested 
in estimates which preserve the information contained in the arguments of the 
Beltrami coefficients fi, v, in the spirit of the work of Andreian Cazacu [4] and 
of Reich and Walczak [11]. We restrict our attention to the case $s(v) = 0. 
This assumption corresponds to assuming that the Riemannian metric in the 
target manifold is represented by a diagonal matrix-valued function. We will 
also show that our estimates are sharp, in the sense that they are attained in a 
class of mappings of the "angular stretching" type (see ansatz (8) below) , which 
generalize the radial stretchings (3). We expect such mappings to be of interest 
in other areas of quasiconformal mapping theory, and therefore we analyze them 
in some detail. Our first result is the following. 

Theorem 1. Let f e Wj ' (fi, C) satisfy the Beltrami equation (1) with = 
0. Then, f is a-Holder continuous with a > /3(/x, v), where v) is defined by 



^vY X = sup inf A^t (4) 



■2 , , I 2 



1 f hp |1 — n fi 



dtrx 



\s P {x)\ J Sp(x) V <p y/i - (M + v) VI - CN - y) 

}■ 



4 arctan ( '° fs ' W 

Here B XiP denotes the set of positive functions in L co (S p (x)) which are bounded 
below away from zero, and n denotes complex number corresponding to the outer 
unit normal to S p (x). 

Estimate (4) improves the classical estimate (2); a verification is provided 
in Section 3, Remark 1. In Theorem 2 below we will show that estimate (4) is 
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sharp, in the sense that it reduces to an equality when /x, v are of the special 
form 

H(z) = -/j, (axgz)zz~ 1 , v{z) = -^o(argz) 
and / is of the "angular stretching" form 

f(z) = \z\ a (r) 1 (axgz)+iri2(axgz)), 

for suitable choices of the bounded, 27r-periodic functions /iq , v§ , r\\ , r\i : M — > R. 
The following weaker form of estimate (4) is obtained by taking ip = ip = 1. 

Corollary 1. Lei / e W lo ' c (Ct, C) satisfy the Beltrami equation (1) tuzf/i = 
0. Then, f is a-Holder continuous with 



a > < 



St 



1 1 — 2 1 2 2 

|1 — n fi\ — v 



sup 

s p (x)cn 



\S„(x)\ JS p {x) ^/ 1 _(| M | + 1/ )2 % / 1 _(| /J |_ 1/ )2 



dcr 



• arctan 



inf 



s P (x) ( i +t ,)2_| M |: 



1/4 



(l-.-)2-| M |2 

su Ps p (x) (i + .)2_| M |2 



(5) 



This estimate is also sharp, in the sense that it actually reduces to an equality 
for suitable choices of zz, v and /, but it does not contain estimate (2) as a special 
case. We now show that estimate (5) contains some known results for it = 
and for v = as special cases. 



Special case v = 0. This case corresponds to assuming that the target do- 
main is equipped with the standard Euclidean metric. In this special case, our 
estimate yields 

f 1 f |l-n 2 M | 2 , 1 _1 
a>{ sup t^y^t l - r^da} , 6 

[s p (x)co \Sp{x)\ J Sp (x) 1-H 2 J 

which may also be obtained from the estimate in [12] for elliptic equations whose 
coefficient matrix has unit determinant. We note that the integrand function 

ll-n^l 2 _ |LV/f _ K >1+Kfc,n 2 ) 

- jf 1 - ImP 

also appears in [11] in the study of the conformal modulus of rings. 



Special case fi = 0. This case corresponds to assuming that the metric on il 
is Euclidean. In this case, estimate (5) yields 

1 /2 

a> sup — arctan ( £p(f)_H^ j >— arctan || if H^ 1 , (7) 

SpWC^ \ su Ps P (x)—J 77 

which is a consequence of the sharp Holder estimate obtained in Piccinini and 
Spagnolo [10] for isotropic elliptic equations. 

In Theorem 2 below we assert that the equality a — /3(/i, v) may hold even 
when both /x ^ and v ^ 0. We denote by B the unit disk in M 2 . 
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Theorem 2. For every t G [0, 1] there exist a T > 0, 2n -periodic functions 



e W, 



1,2/ 



loc 



and corresponding coefficients /_t T , v T , depending on the an- 



Vt,1,Vt,2 

gular variable only, with the following properties: 
(i) The mapping 

fr G W^(B) defined in B\ {0} by 

f T (z) = (r) Til (axgz) + ir7 T)2 (argz)) 
satisfies (1) with fi = fj, T and v = v T ; 
(ii) p(n T ,v T ) = a T ; 

(Hi) fi T = if and only if r = 0; z/ r = if and only if t = 1. 

This note is organized as follows. In Section 2 we derive the basic properties 
of the mappings of the "angular stretching" form, which naturally appear in our 
problem. In Section 3 we provide the proofs of Theorem 1 and Theorem 2, which 
are based on the equivalence between Beltrami equations and elliptic divergence 
form equations, to which we can apply some recent results in [13]. A proof of 
the equivalence is provided in the Appendix. 



2 Angular stretchings 

In this section we derive some properties of functions of the "angular stretching" 
form: 

f( z ) = \z\ a (r] 1 (argz) + ir]2(argz)), (8) 



where a G 



and rji , r] 2 

rl,2/ 



— > R are 27r-periodic functions. We assume a > 
and rji,r]2 € (R) so that / G W lo ' c (C) . We note that mappings of the 
form (8) generalize the radial stretchings (3). We also note that / is injective if 
and only if rj{(Q) + ^(O) ^ for all 6 G R, rji, r)2 have minimal period 2tt and 
772771 — 771772 = (?7i +?72)(d/d#) arg(?7i +7772) has constant sign a.e. Recalling that 
in polar coordinates x = rcos9, y — rsin# we have 







cos — sin 9 




d r 


Pv. 




sin 9 cos 9 







a cos 6*771 — sin 6rji 
a cos 6*772 — sin 9rj 2 



a sin 6t]i + cos 9rji 
a sin 6*772 + cos 6*772 



we derive, at every point in R 2 \ {0}: 

r -(a-l) D f = 

so that the Jacobian Jf is given by 

r -2(a-i) jj _ a ( mr j 2 _ 7/1772). 

Since for any 2x2 matrix A = (ay), j = 1, 2, we have det(AA T ) = det(A T A) = 
(det A) 2 and tr (AA T ) = tr (A T A) = Y^i j=i a ij> the operator norm of Df equals 
the operator norm of Df T , which is more easily calculated. The tensor DfDf T 
is given by 



(9) 



r -2(«-D DfDf T 



a 2 7] 2 +rj 1 2 

a 2 mv2 + mm 



or mm + mm 

a 2 ri + rj 2 2 
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Hence, 

tr (r- 2 ^DfDf T ) =a 2 (n 2 + V 2 ) + + vl 



det(r- 2 ^DfDf T ) =a 2 (mm - mm] 
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and therefore the eigenvalues of r 2{ - a ^Df T Df are the solutions to the second 
order algebraic equation 

A 2 - \o?(j)\ + f] 2 ) + rn 2 + rj 2 2 }\ + a 2 (mm - mm? = 0- 

The discriminant of the equation above is given by 

V = [a 2 (r] 2 + r%) + m 2 + rj 2 2 } 2 - 4a 2 {mm - mm?- 

In view of the elementary identity (a 2 + b 2 + c 2 + d 2 ) 2 — 4 (ad — be) 2 = (a 2 — 
d 2 ) 2 + (b 2 - c 2 ) 2 + 2(ab + cd) 2 + 2(ac + bd) 2 for every a, b,c,d £ R, we derive 
the equivalent expression 

V = {a 2 n\ - r? 2 ? + {a 2 rf 2 - vl? + 2(a 2 ift»/2 + mm? 

+2a 2 (mm + mm?- 

We may write 

r -2(a-l) {Dfl 2 = 1 | a 2 (r? 2 + v 2 } + -2 + ^2 + ^ j 

Therefore, at every point in R 2 \ {0} the distortion of / is given by 

\DJ? = a'inl + vD + m' + m' + Vv 
Jf 2a(mm - mm) 

In particular, / has bounded distortion if and only if 

nl + r& + vi + r& < c(mm - mm) 

for some constant C > 0. 

In order to prove Theorem 2 we need some properties for the special case 
where / is of the angular stretching form (8) and moreover / satisfies the Bel- 
trami equation (1) with fi, v of the special form 

fj,(z) = -^io(argz) zz^ 1 (10) 

and 

v { z ) = -^o(argz), (11) 

for some bounded, 27r-periodic functions /xo,fo such that \\\^o\ + Wo\\\oo < 1- 
We use the following facts. 

Proposition 1. Suppose f is of the angular stretching form (8) and satisfies 
the Beltrami equation (1) with fi,u given by (10)— (11). Then, (771,772) satisfies 
the system: 

(12) 
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where fci , k 2 > are defined by 

1 + Mo + ^o , 1-Mo + ^o , 1Q> 

fci = , fc 2 = — . (13) 

1 - Mo - v l + ^o-^o 

Conversely, if (771,772) satisfies (12) /or some a > and /or some 2-7T -periodic 
functions fci , fc 2 > bounded from above and from below away from zero, then 
f defined by (8) is a solution to (1) with n,u defined in (10)— (11) and MOj^O 
given by 

_ fci - k 2 _ fcifcg - 1 , . 

M ° ~ 1 + fcl + fc 2 + fc!fc 2 ' ^ ~ 1 + fcj + k 2 + k X k 2 ' [ ' 

Proof. In polar cooordinates x — rcos9, y — rsn\6 we have 
d =^{d x + idy) = — I <9 r + z — 

Hence, (1) is equivalent to 



(e* 9 - M e-^)/ r - ve i6 f r = [(e* e + ^ B )f e - ve ie J^ . 

In view of the form (10) of m and the of form (11) of v, the equation above is 
equivalent to 

(1 + Mo)/r + vofr = --[(1 - Mo)./e + vofe]- 
r 

We compute 

,/ r = ar a_1 (?7i + 1772), ./e = r a (?7i + if] 2 ). 

Substitution yields 

a{\ + Mo + ^0)771 +7«(1 + /j - ^0)772 = (1-/^0-^0)7)2 -7(1 -Mo + ^0)771- (15) 

Hence, (771,772) satisfies the system (12), with fci, fc 2 defined by (13). Conversely, 
suppose (771,772) satisfies (12) for some 27r-periodic functions fci,fc 2 > bounded 
from above and from below away from zero and for some a > 0. Then the 
functions Mo^o such that (13) is satisfied are uniquely defined by (14) as the 
solutions to the linear system 

(1 + fci)Mo + (1 + h)u = - 1 + fci 
-(1 + fc 2 )Mo + (1 + k 2 )v = - 1 + fc 2 - 

It follows that (12) is equivalent to (15), with / defined by (8). □ 

We finally observe that if (771,772) is a solution of the system (12), then the 
Jacobian determinant of / is given by 

r-^J^M + fc-^) 
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and furthermore, 

^f- = f2(fc!^ + fc 2 - 1 r ?2 2 )l ' [(1 + fc 2 )r? 2 + (1 + fc 2 - 2 )r ?2 2 + (16) 
■7/ L J L 



(1 - klfrt + (1 - fc 2 " 2 )2^ + 2 [(1 - fc lfc -l)2 + ( fcl _ fc" 1 )^^ 

We also note that system (12) implies that rji is a 27r-periodic solution to the 
weighted Sturm-Liouville equation 

~j^( fc 2»?i) + a 2 fcim = 



and similarly ?? 2 satisfies 



^(k 1 1 r l2 )+a 2 k 2 1 m =0. 



Special case v = 0. The results described in Proposition 1 take a partic- 
ularly simple form when v — 0, which is equivalent to k\ = k^ 1 = k. In this 
case system (12) reduces to 

U=~ak V2 
[m = akr]! 

which may be explicitly solved. Indeed, from (17) we derive 771771 +r) 2 77 2 = and 
therefore r}\ + n\ is constant. By linearity we may assume n\ + n\ = 1. Hence, 
there exists a funtion h(6) such that 771 (9) = cosh(8) and 772(0) = sin/i(#). By 
(17) we conclude that up to an additive constant h{9) — a J Q k, and therefore 
we obtain that f{z) = |z| a exp{io; J e k}. In view of the 27r-periodicity of 771,772 

we also obtain that a — 2~Kn{^ k)" 1 for some neN. From equation (16) we 
derive, for every z 7^ 0: 

|£/| 2 l + fc 2 + |l-fc 2 | 1 
— = =max{fc,fc }. 

Since k > 1 if and only if /io > 0, the expression above implies the known fact 

3 Proofs 

We first of all check that estimate (4) in Theorem 1 actually improves the 
classical estimate (2). 

Remark 1. The following estimate holds: 

0(l*,v) > II KwW™, 
where (3{ijl,v) is the quantity defined in Theorem 1. 
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Proof. Recall from Section 1 that K^ v = (1+ |mI + — ImI — IH)- F° r every 

S p (x) C ft, we choose 



V = 



|l-n 2 /i| 2 -^ 

(1 + !/)*- 



S„(x) 



We have that 



(i + ImI) 2 -/^ 2 

sup ip < sup — — — — — - = sup 



(i-^) 2 -H 2 

|1 - n 2 yu| 2 - V 2 



S p (x) 



inf i/> > inf 



(l + „)2-|/*| 2 

: „,(i-^) 2 -ImI 2 _^i-|m|-^ 



< ll^ll 



(i + ImI) 2 



inf ■ 



\ + \n\+v 



and therefore 



Moreover, 



<pi> = 



sup ip 
m£ip 

(l-^) 2 - |m| 2 



S p (x) 



(l + „)2-|/*| 2 

In view of the elementary identity 

[(1 - vf M 2 ][(l + vf | M | 2 ] = [1 - (| M | + ^) 2 ][1 - (M - vf] 
we finally obtain 

V (i-(M + ^) 2 )(i-(H-^) 2 ) 



(|l-n 2 ^| 2 -z/ 2 ) 2 



S p (x) 



Consequently inserting into (4), we find that for every S p (x) C O: 

^2,,|2 ,,2 



inf 



sup y> r 1 



\l-n 2 ii\ 2 -v 2 



^eB x , p ]j inf ^ I \S p (x)\ J Sp{x) y p ^l-d^l + ^Vl-dMl-^) 2 



dax 



arctan 



infg P (x) Mfr 



1/4N 



} < \\K^\ 



Consequently, 

Pi^v)- 1 < ||^„, v ||oo, 

and the asserted estimate is verified. 



□ 



We use some results in [13] for solutions to the elliptic divergence form 
equation 

div(AV-) = in n (18) 

where A is a bounded and symmetric matrix-valued function. More precisely, 
let 

cos 9 — sin 9 



J(9) = 



sin v cos ( 



(19) 
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For every M > 1, let 

c = c(M, t) = - - 2 m _ t , d= d(M,r) - ^arctanM-( 1 - r '/ 2 . (20) 

Note that when r = we have d — 47r~ 1 arctanM -1 / 2 and c = 1, and when 
t = 1 we have = 1 and c = 2/(1 + M _1 ). We define the intervals 

r„ C7T, r C7T . C7T, . C7T . 

Ji = [0,y), ^2 = [y,7r), J 3 = [tt.tt + y), J 4 = [tt + y , 2tt). 
Let 6 T i,6 T 2 :R^lbc the 27r-periodic Lipschitz functions defined in [0, 2ir) 

by 



©T,l(0) 



'sin^c-^-Tr/^], deJj 
M - ( i-r)/2 cos [d(c- 1 M r (6l - ctt/2) - tt/4)], 6 e J 2 

-sin^fc" 1 ^- tt) - tt/4)], 0eJ; 



3 



and 



e T>2 (0) 



. M -(i-r)/2 cos [rf( c -iM T (6» — 7T — ctt/2) - tt/4)], 6> e h 



■cos[d(c- 1 0-7r/4)], 6 eh 

M (i-r)/2 sin [ d ( c -i M T (0 - ctt/2) - tt/4)], 6 el 2 



cos^c-^-tt) -tt/4)], fle/ ; 



3 



_ M (l-r)/2 sin [ d ( c -l M r^ _ ^ _ c?r / 2 ) _ Jr / 4 j] ) g g j 4 

The following facts were established in [13] and will be used in the sequel. 
Theorem 3 ([13]). The following estimates hold. 



i) Let w € W lo ' c (Q) &e a weafc solution to (18). Then, w is a-Holder contin- 
uous with a > j (A), where 



1(A) 



f If Hp (n.A n) 

STiptp \S p (x)\ JS p (x) V ? VdctA 



-1 



sup inf 



, S p (x)cO V inf V' 4 . / inf Sp(x) detA/ y y, \ V< 

\ *■ \ su Ps p (x) dct^/vAy 

(21) 

and where n denotes the outer unit normal. 

(ii) For every r <G [0, 1] Ze£ A T 6e i/ie symmetric matrix-valued function defined 
for every z ^ by 

z z 

A T (z) = (fc T ,i(arg2) - fc T , 2 (argz)) — — + fc T ,2(argz)I, (22) 

\ z \ 

where fc T ,i)&r,2 piecewise constant, 2tt -periodic functions defined by 

kM0) = i 1 > if ^ /lU/3 (23) 
' v ; |M, if 6ehuh 



and 

1, iffleliUJs 
M 1 ~ 2t , if6>e/ 2 u/ 4 . 



fcr, 2 (<9) = <! (24) 
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There exists M > 1 such that 



d 

C 



(25) 



for every M G (1, M^ T ), if t > Q, and with no restriction on M ifr = 0. 
Furthermore, the function u T = |z| d / c 0i(argz) is a weak solution to (18) 
with A = A T . 

We note that the matrix A T may be equivalcntly written in the form 

A r \ _ k T .i cos 2 9 + k T ,2 sin 2 (fc Ti i — k T ,2) sin cos 
(fc T ,i — k T) n) sin#cos# fc r ,i sin 2 9 + fc T-2 cos 2 9 

=JK T J T 

where K T — diag(/c r t i, k T ^)- The equivalence between Beltrami equations and 
elliptic equations of the form (18) is well-known. Indeed, for every matrix A let 



det A' 



(26) 



The following result holds. 



Lemma 1. Let f e W lo ' c (CI, C) be a solution to (1) with $s(v) — and let 
be defined by 



A - 

- A 



|1- M | 2 -29W 
-29f(/x) |1 + m| 2 . 



^ 2 I 



(27) 



w/iere A = (1 + + z/)(l - |^| + i/). TAen, 3?(/) satisfies (18) witft A = 
and 9(/) satisfies (18) wit/i A = .A Mi „. 

A proof of Lemma 1 is provided in the Appendix. 

Lemma 2. For any matrix valued function A we have 

1(A) = i(A) 

where "f(A) is the quantity defined in Theorem 3. 

Proof. We have det A = (dot A)~ x , and therefore 

1 A (23) 



VdetA VdeFZ 
Furthermore, for every S C Cl and for every ip,ip £ L°°(S), 

sup</? sup - 0~ 1 



inf ip inf ip 1 



and 



inf 



dot A 



s iftp sup s (iptp det A) ' 



sup 



dot A 



1 



5 (£>^> inf 5 (ipip det ^4) 
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Hence, 

inf 5 det A/ ((pip) inf s det A/ (ip~ 1 xp' 1 ) 



sup 5 detl/(^V) sup 5 dctA/(^ V" 1 )' 
It follows from (28) and (29) that for any function F : R -» M 

(n,An) ( mf s P (x) 



(29) 




/supi/^ 1 1 /" /y- 1 (n,An) ^ infs p ( a: ) 



V inf p-i 1^(^)1 7 5p(;c) V ^-i VdcT^ V su P5p(-) ) ' 

Now the statement follows by taking F(t) — (47r _1 arctani 1 / 4 )^ 1 and observing 
that ip~ x € S XjP whenever <p G <B x ,p- D 

Proof of Theorem 1. In view of Lemma 1, Lemma 2 and Theorem 3, 31(g) and 
3(g) are a-H61dcr continuous with a > j(A^ v ), where A^^ is the matrix 
defined in (27). Setting £ = x + pe Jt , t e R for every £ G S p (x) C 0, we have 
n(£) = e i4 . We recall that A = (1 + + z/)(l - |/z| + v) = (l + v) 2 -\n\ 2 . Hence, 
we compute 

A<n(0,^,,(0«(0> - ^".^(Oe*') 

=A (an cos 2 i + 2ai2 sin £ cos f + a 2 2 sin 2 i) 

=1 + |m| 2 - v 2 - 2(3?(^)cos2t + Q?(^) sin2t) = |1 -n 2 /i| 2 - v 2 . 
Furthermore, 

A 2 detA^ = (|1 - A 2 - v 2 )(\\ + A 2 - v 2 ) - 43( M ) 2 

= (1 + M 2 - ^ 2 ) 2 - 4| M | 2 = ((1 - | M |) 2 - „ 2 )((1 + | M |) 2 - v 2 ) 
= (1 - H + v)(\ - - v)(l + | M | + v)(l + | M | - i/) 

=(1 - - ^ ) 2 )(1 - + 1/) 2 ) 
and therefore 

(n,A^ v n) _ A(n, A^ v n) \l-n 2 ii\ 2 -v 2 



ydetA^; v /A^detA^ ^(1 - (M - ^) 2 )(1 - p + z,) 2 ) 
Finally, recalling the definition of A, we derive 

i , 4 + H -!/)(! -H-t/) = (i-^) 2 -H 2 

(l + | M |+^(l-| M | + ^) (1 + Z ,)2_| M |2- 

Inserting the expressions above into (21), we obtain (4). □ 

We now turn to the proof of Theorem 2. We let no,r, v q,t : K — > K be the 
bounded, piecewise constant, 27r-periodic functions defined in [0, 27r) by 

r m = /o. if0e/iU/ 3 f m 

Mo ' rl ' }(m-m 1 - 2t )/(i + m + m 1 - 2 - + m 2 ( 1 - t )), if0e/ 2 u/ 4 1 ' 



ii 



and 

and we set 



fo, iffle/iUJs 
|( M 2(i-r) _ + M + M 1 "^ + M^ 1 "^), if 6> e I 2 U J 4 . 



The following holds. 



v T (z) = -i/ , T (argz). 



(31) 



(32) 



Proposition 2. Let £? f/ie urai disk in K 2 and /ei f T G W 1,2 (B,C) 6e defined 
in B\ {0} 6y 

/ T (z) = |z| d / c (e T , 1 (argz) + i e T , 2 (argz)). 

TTien / T satisfies (1) wii/i n = \i T and v = v r . Furthermore, there exists Mq > 1 
such that 



d 



for every M G (l,M^ T ) if t > and wit/i no restriction on M if r = 0. 

In order to prove Proposition 2, we first need a lemma. 

Lemma 3. Suppose fi,u are of the form (10)-(11) and let ki,k 2 be the cor- 
responding functions defined in (13). Then A^ iV as defined in (27) is given 
by 



A-n, v (z) =J(argz) 



J* (arg z) 



fci(argz) 
fc 2 (argz) 

k\ cos 2 9 + k 2 sin 2 9 (hi — k 2 ) sin 9 cos 9 
(fci — k 2 ) sin 6* cos 6* fci sin 2 + fc 2 cos 2 6* 

=(fci - ^2)^73- + fc 2 I. 

Proof. The assumptions (10)— (11) on /x, zv imply that 

A(z) - (1 + /10(e) - n>(0))(i - MO) - MO))- 



and 
Hence, 



fj,(z) = -Ho{9) (cos26> + isin26>). 

A(A M)1/ )n =|1 - /i| 2 - ^ 2 = 1 + 2^o cos 26* + & - ^ 

= [(1 + mo) 2 - *g] cos 2 9 + [(1 - u ) 2 - ^ 2 ] sin 2 
A(^,^) 22 =|l + u| 2 -t/ 2 

= [(1 - /i ) 2 - vl] cos 2 + [(1 + u ) 2 - vl] sin 2 9 
A(A^) 12 = - 23( M ) 

=4^o sin cos 6*. 
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Dividing by A and observing that 



(1 + /x ) 2 - v 2 _ 1 + + Vg 
A 1 - /i - vq 

(1 - ^q) 2 - Vl = 1 - flQ + i/Q 

A 1 + /i - 

— =fci - fc 2 , 



= fc 2 



we obtain the asserted expression for □ 

Proof of Proposition 2. By direct check, (O r ,ii ©i-,2) satisfies (12) with k\ = 
k T .i, &2 = k T .2 and a T = d/c. Hence, in view of Proposition 1, f T satisfies (1) 
with [i = \i T and v = v T . In view of Lemma 1 and Lemma 3, 3?(/ T ) satisfies 
equation (18) with A = A T defined in (22) and 3(/ T ) satisfies equation (18) 
with A = A T . By Theorem 2~(ii), 3?(/ T ) and 3(/r) are Holder continuous with 
exponent exactly /3(^ T , z/ r ) = j(A T ) = j(A T ) whenever M <G (0, M^ T ) if r > 
and with no restriction on M if r = 0. Thus, Proposition 2 is established. □ 

Proof of Theorem 2. The proof is a direct consequence of Proposition 2. □ 



4 Appendix: Reduction to divergence form el- 
liptic equations 

We prove the following equivalence result, which implies Lemma 1 when S(^) = 
0. See also [1]. 

Lemma 4. Let g e W^(Cl,C) satisfy the Beltrami equation 



/idg + vdg 



in CI, 



(33) 



where /i, v S L°°(Cl, C) satisfy + <k< 1 a.e. in CI. LetB^^ be the bounded 
matrix-valued function defined in terms of the Beltrami coefficients fi, v by 



1 

AT 



|i-mI 2 



-23(/i- z/) 
ll + Ml 2 



M 2 I 



where 



and let B^^ be defined by 



A 1 = \l + v\ 2 - 



|l-/i| 2 -29f(/i + 1/) 
-29f(/i-i/) |1 + m| 2 



M 2 I 



(34) 
(35) 

(36) 



where A 2 = |1 — v\ 2 — |/i| 2 . TTien 3?(g) is a weak solution for the elliptic equa- 
tion (18) with A = B^^ and 3(g) is a weak solution for (18) with A = B^y. 

Proof. Setting z = x + iy = (x, y) T , g(z) — u(x, y) + iv(x, y), we have: 



8g 



1 



Uy + V X 



dg 



-Uy + V X 
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Setting 



Q = 

for every z we have 
Hence, we can write 



-1 

1 



R = 



Rz 



1 

-1 



dg = i (Vu + QVu) , 



8g = -R (Vu - QVv) . 



Setting 



M 



3?( M ) -9f(M)' 
K(/z) 



TV 



3f(i/) 



equation (1) can be written in the form: 

Vu + QVu = MR (Vu - QVu) + AT (Vu - QVu) . 

It follows that 

(/ - MR -N)Vu = -(I + MR + N) QVv 
and consequently u satisfies 

(7 + MR + N)' 1 (I - MR - N) Vu = -QVu 

and v satisfies 

-Q (I -MR- N)' 1 (I + MR + N) QVu = QVu. 
By direct computation, 

B^u =(I + MR + N)- 1 (I - MR - N) 

B^u =-Q(I- MR - N)- 1 (I + MR + N)Q = -QB_„,_ V Q. 
Now the conclusion follows observing that div(QV-) = 0. 



□ 



We note that the Beltrami coefficients fj,, v are uniquely determined by the 
matrix B^ v = (6^)^=1,2: 



fi 



hi - b 22 + i(bi2 + hi) 
l + tvB^ v + det B^ v 



1 - dot B^ v + i(h 2 - hi) 
1 + trB^+dctB^ 



(37) 



The formulae above may be obtained as follows. For simplicity, in what follows 
we denote B^, v = B. From the definition of B we readily obtain: 



Ai 



(6n - h 2 ) 



9f(/x) 



Ai 



Ai, 



9f(i/) = -^(612 -621) 
l + |M| 2 -M 2 = ^t rJ B 



(612 + 621) (38) 
(39) 
(40) 
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The relations (38) imply 



A 2 

l^l 2 = —L (tr.B T B-2detB) . 
From the definition (35) of Ai and (40) we derive 



From equations (39), (41) and (42) we derive 
A? 



Ar 



v \ 2 = —1 [4(1 + tvB) + tr B T B + 2dctB] + 1 - — -(2 + trB). 
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Inserting (41) and (43) into (40) we obtain 

A, 



(41) 



(42) 



(43) 



1 + tr B + det B ' 



Inserting the expression of Ai above into (38), (39) and (42) we derive the 
asserted expression (37). 



Proof of Lemma 1. We need only check that when ^s{v) = we have 

Bfj, yV 



Bn V 



Let 



Then 



r — 



del /'.,,,■ 

I 2 - 
29f(/i) 



(44) 



l-^-v 2 -29f(Ai) 
|1 + M | 2 -* 



R — ^ 



" a7 



with Ai = (1 + i/) 2 - H 2 = (1 + v + | M |)(1 - H) and A 2 = (1 - t/) 2 - | M | 2 = 
(1 — f + |yu|)(l — v — | yu. j ) . On the other hand, 

det r M ,„ = (i + |m| + v)(\ + H - - ImI + - ImI - «0 

and therefore A 2 = det T^/Ai. It follows that 



Bn.u 



^n,v Ai ^ A 2 r^^ _ 



A 2 det r„ iV 
and (44) is established. 



r 

1 u.f 



detr Mil/ Ai det-B^ 



□ 
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